This work presents a closed-loop guidance algorithm for six-degrees of freedom spacecraft rendezvous with a passive target flying in an eccentric orbit. The main assumption is that the chaser vehicle has an attitude control system, based on reaction wheels, providing the necessary torque to change its orientation whereas the number of thrusters is arbitrary. The goal is to design fuel optimal maneuvers while satisfying operational constraints and rejecting disturbances. The proposed method is as follows; first, the coupled translational and angular dynamics are transformed to equivalent algebraic relations using the relative translational states transition matrix and the attitude flatness property. Then, a direct transcription method, based on B-splines parameterization and discretization of time continuous constraints, is developed to obtain a tractable static program. Finally, a Model Predictive Controller, based on linearization around the previously computed solution, is considered to handle disturbances. Numerical results are shown and discussed.
on quaternions to address 6-DOF open-loop motion planning based on basis functions and closed-loop kinematic feedback. The authors of the present paper proposed in Ref. [29] a method based on the translational state transition matrix and the attitude flatness property to solve a nonlinear programming (NLP) optimization problem . Amongst the previous works, dual quaternions, which contain information of both translational and rotational states, were used in Refs. [17, 19] . Concerning the number of thrusters [17, 19, 20] , assumed a pair of them available on each direction, six in total, whereas [24] considered four thrusters and [22, [25] [26] [27] 29] studied the case of single-thruster operations. The results of [28] are applied to both a classical six thrusters configuration and a single thruster one. The previous works assumed that torque is provided by an independent attitude control system (ACS) system whereas [21] considered six thrusters in a cuboid layout configuration providing both force and torque. Apart from rendezvous and flight-formation operations, coupled motion has also been studied for geostationary satellites station-keeping [30] and solar sails control [31] .
In this paper, we consider a spacecraft equipped with reaction wheels and an arbitrary number of thrusters which seeks to rendezvous with a target flying in an eccentric orbit. The employed formulation allows to consider the coupled problem in an optimal way without any assumptions on the number of available thrusters. This increases the applicability of the algorithm to different types of missions. In a similar way as [32] , a hybrid system is considered where the propulsive action is modelled as impulses but the attitude control is time continuous.
The proposed solution method transforms the time-continuous dynamics into algebraic relations by means of the translational state transition matrix and the attitude flatness property. Then, this equivalent optimal control problem is parameterized and discretized to obtain a finite tractable static program. Once an open-loop solution is obtained, a closed-loop MPC scheme, see Ref. [33] , based on linearization around the previously computed solution, is developed to reject disturbances and cope with unmodelled dynamics.
The structure of this paper is as follows. Section 2 describes the coupled translational and angular motion for spacecraft rendezvous. Next, Section 3 presents the time-continuous rendezvous problem and its conversion to an equivalent problem. Section 4 describes the employed methodology to solve this equivalent problem by means of parameterization and discretization. Section 5 presents the linearized close-loop MPC scheme. Section 6 shows results for cases of interest. Finally, Section 7 closes this paper with some additional considerations.
Model of spacecraft rendezvous
In this section, a six-degrees of freedom model for spacecraft rendezvous is presented. Firstly, the translational relative motion between the two vehicles is derived; secondly, the chaser angular motion model is described; and finally, both translational and angular motions are coupled.
Translational motion
There is a considerable number of translational dynamic models for spacecraft rendezvous; the one to be chosen depends on the objectives and constraints on the mission. For instance, if the target vehicle is orbiting in a closed Keplerian orbit, the linearized equations of the relative position between an active chaser spacecraft and a passive target vehicle can be expressed in a cartesian reference frame as in Ref. [34] , leading to the well known Tschauner-Hempel equations, or by means of its relative orbital elements as in Ref. [35] . In this work, a cartesian reference frame is used 
where x, y and z denote the position of the chaser in a local-vertical/ local-horizontal (LVLH) frame of reference fixed on the center of gravity of the target vehicle (see Fig. 1 ), in which z refers to the radial position (positive pointing towards the centre of the Earth), y to the cross-track position (opposite to the orbit angular momentum) and x closes the right-handed system (note that x is not necessarily aligned with the target velocity due to eccentricity). The velocity of the chaser in the LVLH frame is given by x˙, y˙and z˙; the variables F x p , , F y p , and F z p , are the projections on the LVLH frame of the thrust force exerted by each one of the n T thrusters; and m is the spacecraft mass which, for close enough rendezvous operations, is considered constant. The variables r t and ν are the target radius and true anomaly along its orbit, which are a function of time and its orbital elements (semi-major axis and eccentricity The independent variable of this LTV system can be changed from time to true anomaly leading to the simplified Tschauner-Hempel equations, see Ref. [34] . A formal solution of the Tschauner-Hempel model by means of its state transition matrix, known as the Yamanaka-Ankersen matrix, was proposed by Ref. [36] . Under all the previous assumptions, this transition matrix is computed by means of its fundamental matrix and inverse without need of numerical integration. In this work, following [10] (note that the axes are not the same as in this work), the Yamanaka-Ankersen state transition matrix is expressed by means of the eccentric anomaly E,
Note that a one-to-one relation exist between time and eccentric anomaly through the Kepler equation
where t p is the time at periapsis and is used as a reference point to measure E. The time t p is chosen such that it is equal or less than the starting manoeuvre time denoted by t 0 (substracting, if necessary, any number of orbital periods). Kepler's equation (5) is not analytically invertible, but its inverse can be found numerically with any desired degree of precision (see any Orbital Mechanics reference, such as [37] ). Using the aforementioned state transition matrix, Eq. (4), and considering, as a simplification, an impulsive model, Eq. (7), the translational states transition equation is given by
, and the propulsive control signal t u( ) is modelled as impulses (i.e. instantaneous changes of velocity) which describe with adequate accuracy a typical chemical thruster 
being δ the Dirac delta function, ΔV p ∈ ℝ 3 the velocity increment given by the thruster p and N p +1 ∈ ℕ the number of thruster firings during the maneuver.
Angular motion
In this section, the attitude representation parameter is chosen and some of their properties are presented. Then, the angular dynamics of a spacecraft considering only internal torques, which are the ones produced by reaction wheels, is derived. Finally, the attitude flatness property of the resulting angular dynamics is introduced (this property will be then exploited in Section 3).
Attitude representation and angular dynamics
In this work, the modified Rodrigues parameters (MRP) representation (see Refs. [38, 39] for more details about MRP) is chosen rather than the widely used attitude quaternion. The modified Rodrigues parameters have the advantage of being a minimal attitude representation and are easier to linearize than attitude quaternions (incremental addition does not work for quaternions). Moreover, the unit-norm constraint of attitude quaternions is avoided in the problem formulation. The counterpart is that MRP suffer singularities when representing 3D rotations. The MRP are denoted as σ = σ σ σ [ , , ] T 1 2 3 and its relation with the rotation angle, θ rot , and axis, e, is
where singularities arise when θ rot =± π 2 (2j-1)π with j  ∈ . However, they can be avoided by constraining ∈ − θ π π ( 2 , 2 ) rot . The rotation matrix to change a vector from one reference frame to another is given by 3 3 is the cross product matrix, see Ref. [37] . The attitude evolution of the chaser is defined by the kinematic and dynamic equations. The translational equations are expressed on a local frame so it is of interest to work with the attitude of the body frame with respect to the LVLH frame as in Ref. [37] . The kinematics are given by
being
the angular velocity of the chaser body frame with respect to the inertial frame and ω L I / = −ν [0,˙, 0] T the angular velocity of the LVLH frame with respect to the inertial frame expressed on the local frame. The matrix C has the following expression
Additionally, the following equation describes the angular momentum variation, expressed on the chaser body frame, when the only considered torques are internal to the system (the ACS consists of reaction wheels)
where  ∈ × I 3 3 and  ∈ H tot 3 are, respectively, the moment inertia matrix and the angular momentum of the spacecraft whereas  ∈ H rw 3 is the angular momentum of the reaction wheels. Note that Eq.10-12 give the attitude evolution of the body frame, B, with respect to the inertial frame, I. From the fact that no external torques are applied, the spacecraft angular momentum is constant
is the angular momentum of the platform. The attitude control signal is the exerted torque by the reaction wheels through its angular momentum variation, t Ḣ ( ) rw .
Attitude flatness property
The angular motion given by Eq. (10) and Eq. (12) is non-linear, hence accounting for them in the resolution of an optimal control problem usually require numerical integration, see Ref. [40] . However, the considered angular dynamics has the flatness property and it is called a flat system, see Ref. [14] . Remark 1. a flat system has a flat output which can be used to explicitly express all states and inputs in terms of the flat output and a finite number of its derivatives, see Ref. [16] .
Following [14] , the attitude representation parameter σ t ( ) is chosen as the flat output. The differential equations of the angular motion, Eq. (10) and Eq. (12), can be transformed into algebraic relations, as a function of the flat output and its derivatives. Solving the angular velocity in Eq. (10) and deriving the obtained expression with respect to time
Introducing Eq.14 and 15 into Eq. (12), the angular momentum variation of the reaction wheels is explicitly obtained as
Using the angular momentum conservation, Eq. (13), the reaction wheels angular momentum can also be expressed as a function of the flat output and its derivatives
Note that time dependencies have been omitted at the right-hand side of Eq.14-17 for clarity.
Coupling between translational and angular motion
Now, the translational and angular motion coupling between the previous models is presented. The velocity increment given by each thruster p on the LVLH frame, denoted by L, is
where  ∈ w p 3 is a unit-norm vector representing the p thruster orientation on the pursuer body frame and
is the impulse amplitude of the thruster p at time t k . Introducing Eq. (18) into Eq. (7)
The coupling between translational and angular motion arises when the translational control input given by Eq. (19) is introduced into the translational states transition equation given by Eq. (6) leading to
Note that the propulsive action projected on the LVLH frame, t u( ), depends on the vehicle attitude in a non-linear way by means of the rotation matrix between the pursuer body frame and the LVLH frame, see Eq. (9) . The angular motion is not affected by the translational motion (gravity-gradient effects are neglected), hence Eq. (10) and Eq. (12) still hold for the coupled model.
Rendezvous planning problem
In this section, the objective function and constraints are presented. In a generic form, the rendezvous optimal control problem states as follows minimize ( ( ),˙( )), 
where
Note that time dependencies have been omitted at the right hand side of the translational dynamics equation for clarity. The control inputs are the thrusters impulses amplitudes at the firing times (which are known beforehand) and the reaction wheels angular momentum variation. Next the objective function and constraints appearing in (21) are detailed in Section (3.1) and Section (3.2) respectively.
Objective function
The chosen objective function seeks to minimize fuel consumption, which is equivalent to minimize the L 1 -norm of the applied impulses
Note that the absolute value symbol is not needed since u t ( ) p k is always positive because of Eq. (18) . Moreover, reaction wheels use electrical power and therefore their associated cost do not appear in Eq. (22).
Constraints of the problem
Three sets of constraints are considered in this paper. Firstly, path constraints on the relative translational states (g 1 ); secondly, the control variables (impulses amplitudes and reaction wheels angular momentum) are bounded (g 2 and g 3 ); and finally, initial and terminal states values are prescribed (g 4 and g 5 ).
Path constraints
For sensing purposes (see Ref. [7] ), it is required that the chaser vehicle remains inside a line of sight (LOS) area from the docking port, thus guaranteeing that the chaser spacecraft is at all time visible from the docking port. The LOS region can be defined by the equations
and ≥ x 0; these equations limit the relative translational state space by five planes as shown in Fig. 2 .
One can define the LOS constraint algebraically, at any instant t, as 
Control bounds
Regarding the thrusters performance, it is assumed that the impulse amplitude provided by each thruster is bounded above (and below by zero)
Note that u p can take any value in the allowed interval (it is assumed that thrusters opening times can be adjusted to produce the exact impulse amount).
On the other hand, each one of the reaction wheels saturates when it stores a certain amount of angular momentum which is equivalent to consider that reaction wheels velocities are limited. Moreover limits on the angular acceleration exist for each wheel
Boundary constraints
The chaser is assumed to depart from a given point and velocity with a given orientation and angular velocity
and it has to meet prescribed states at the end of the maneuver
where the last three components of x f are null and
to have no relative angular velocity between the body and LVLH frame.
Equivalent rendezvous planning problem
The aim of the optimal control problem (21) is to guarantee rendezvous with the target along a prescribed approach region (LOS) while respecting control bounds and minimizing fuel consumption. Using the coupled transition equation for the translational states, see Eq. (20) , and the algebraic relations derived from the attitude flatness property, developed through Eq.14-17, we formulate an equivalent planning problem, where differential equations are replaced by algebraic ones (as a function of the flat output and its derivatives), without losing any information,
Besides the fact that the equivalent planning problem (29) is integration free, it is still infinite dimensional. In the next section, it is shown how to make this problem tractable by means of parameterization and discretization.
Optimal control computation
In this section, the resolution method to the equivalent optimal control problem (29) is presented. The proposed methodology is based on a B-spline parameterization of the flat output (MRP) and the discretization of the infinite dimensional constraints. The result is a tractable NLP problem which needs an initial guess to be solved.
Non-linear programming description
First of all, it is considered that the + N 1 p impulses application times are equally spaced through the maneuver time,
These firing times will be denoted as nodes.
B-splines parameterization of the flat output
The attitude flatness property allows any kind of MRP time evolution parameterization. In this work, following [14] , B-splines, see Ref. [41] for more details about them, are chosen to parameterize the flat output since they define flexible trajectories with a high degree of differentiability using a low number of parameters
where the B t ( ) j q , are qth order B-splines built on the knots sequence,  ∈ t knots n knots , and the  ∈ a j 3 coefficients are called control points.
Remark 2. The B-splines intrinsically assure continuity up to C q . Given the order q and the number of coefficients n c , the number of knots must satisfy n knots = n c +q+1.
The attitude profile has to be continuous up to its second derivative, hence, ≥ q 22. On the other hand, it is chosen to have at least one control point to represent the attitude at each node plus four additional control points to impose σ and σ at the beginning and end of the maneuver. The previous consideration leads to n c = N p +5, therefore n knots = N p +q+6. The knots are selected as the nodes t k , augmented at left and right by repeating t 0 and t f
.
Discretization of time continuous constraints
The time continuous constraints are the path constraint related to the LOS region, see Eq. (23), and the bounds on the reaction wheels angular momentum and its variation, Eq.25 and 26. Each one of these constraints is discretized with a time grid within each interval, k. The LOS constraint is gridded with n L equally spaced subintervals of duration T L = T n / L at which the constraint is imposed
whereas the reaction wheels constraints are gridded with n M equally spaced subintervals of duration
Discrete optimization problem
To ease the notation, following [9] , a compact formulation of the discrete problem is developed. Defining the following stack vectors 
Now, the infinite dimensional problem (29) boils down to NLP, expressed with the compact formulation, by means of the above parameterization and continuous constraints discretization is employed to impose the rendezvous condition. It has been considered that reaction wheels kinetic momentum variation at initial and final time shall be zero which constrains σ . A NLP solver is required to obtain a solution of the static program (40).
Initial guess computation (hotstart)
Any NLP solver needs an initial guess to compute the optimal solution of problem (40) . In this case, the process is composed of two steps; first, a traditional six-thrusters spacecraft model with three-degrees of freedom is employed to formulate and solve a linear programming (LP) problem; and then, this obtained LP solution is converted to NLP decision variables, u p S and a S . Fig. 3 . Chaser 3D path of scenario 1 for the first random realization.
Six-thrusters problem formulation
Considering a pair of thrusters available for each LVLH axis, the control can be expressed at each node as
, hence, the translational states transition equation is linear
, , 
where the bounds on the impulse amplitude for each direction have been conservatively chosen to not overpass the upper bound of the thruster with more available impulse amplitude when all thrusters saturate (thus the use of 3 ). The purpose of the last linear constraints, expressed by means of the matrices A u0 and A uN p , is to make the initial and final orientations compatible with the initial, σ 0 , and desired final attitude, σ f , respectively. It should be noted that the L 1 -norm term in the objective function is non-linear because u k can take both positive or negative values. However, this issue is avoided by adding optimization slack variables only allowed to take positive values.
Six-thrusters solution transformation to a NLP solution
Once the LP problem (42) is solved, the impulses amplitudes on each thruster are chosen as u k 1, = u ‖ ‖ k 2 and ≠ u p k 1, = 0. The thruster labelled with p = 1 is the one with higher u p max , .
The B-spline control points, a S , are obtained matching the N p +1 demanded orientations at the nodes by the LP solution. The MRP at the nodes can be obtained with the aid of the rotation angle and axis. First, denote by k i * , where the subscript i refers to the number of required
, the nodes at which a non-null impulse amplitude is demanded or an attitude has to be reached (instant t Np ) and then compute the unitary vector z k i * representing the velocity increment orientation, expressed on the inertial frame since attitude is defined between the chaser body frame and the inertial frame, at these nodes
Using z k i *, it is possible to obtain the rotation MRP, σ rot , between consecutive orientations. For the nodes without thruster firings ( u k 2 =0), the attitude at this node k is chosen as the value of the interpolated MRP, between the nodes − 
The last step is to compute the control points for this nodes sequence. Imposing null σ and σ at t 0 and t f a linear system of n 3 c equations with n 3 c unknowns (remember that n c = N p +5) can be easily solved to obtain the initial guess B-splines control points a S as it is proposed in Ref. [41] .
MPC scheme
Once the NLP problem (40) rendezvous maneuver is available. However, disturbances, unmodelled dynamics, etc., will perturb the planned path while the spacecraft is maneuvering, hence a MPC scheme, based on linearization around this previously computed solution, is developed in this section. The trajectory is recomputed on-line, in a sliding horizon framework, by solving a quadratic programming problem after each sampling interval which eases the computational burden (compared to the NLP) and does not need an initial guess. The terminal constraints are relaxed, considering them as terminal costs instead of constraints, to prevent feasibility issues and augment stability. where one should note that many of the matrices R Δ p a , = × Θ 3 3 because by definition the interval between two consecutive B-spline knots has at most q+1 non-null coefficients, see Ref. [41] . Using the stack vectors and matrices, the following linearized translational states transition equation is obtained in compact form where the dependence with r has been omitted at the right-hand side of Eq. (52) for clarity. Fig. 8 . Chaser trajectory on the target orbital plane of scenario 2 for all random realizations. Fig. 9 . Chaser attitude of scenario 2 for the first random realization. 
Linearized model
f 2 0.31°/s ω s t ‖[ ( )‖ ] f 2 0.13°/s
Linearized planning problem
The linearized planning problem seeks the same objectives as the NLP problem (40) but now the terminal constraints are included in the cost function as in Ref. [9] to encode a prescribed arrival time. This improves feasibility when considering disturbances, see Ref. [42] , and can improve asymptotic stability properties without needing terminal constraints, see Ref. [43] . At each MPC step, r, the linearized optimization problem to solve is Since the employed formulation does not make any assumptions on the chaser number of thrusters, two different scenarios will be considered. The first one will correspond to a heavy rendezvous satellite equipped with 10 thrusters while the other one corresponds to a lowpower spacecraft equipped with 2 thrusters. The simulations of this section have been obtained using MATLAB routines with Gurobi optimization package, see Ref. [45] , as LP and QP solver whereas the IPOPT optimization package, see Ref. [46] , is used as NLP solver.
Rendezvous model
It is important to remark that although a linear model, see Eqs.
(1)-(3), is used to compute the control sequence, the plant is considered to be dominated by the following non-linear relative motion dynamics, see Ref. [37] , (59)
Disturbances model
In a similar way as [9] (note that there the disturbance is considered in an additive way), a disturbance on each of the thrusters performance is added to test the capabilities of the MPC scheme developed in Section 5. This disturbance is modelled in the chaser body axes as is a random scalar. These disturbances model several physical aspects. First, the attitude control of the chaser will not be perfect, so one can expect some alignment errors, modelled by δθ Ω( ) in a simplified way. On the other hand, with δu p one can model thrust level disturbances.
Simulation scenarios
To test the capabilities of the proposed algorithm, two scenarios for different pursuer architectures are considered. For the first scenario, a heavy spacecraft equipped with 10 thrusters is considered while for the second scenario a lightweight satellite with a limited propulsion plant, with only 2 thrusters is simulated.
Controller parameters
Regarding controller parameters, for both cases, the B-splines order is chosen to be quintic which is equivalent to take q = 5 in Eq. 
Satellite with 10 thrusters
In this scenario, a conventional cargo satellite with 10 thrusters has to rendezvous with a target flying in an eccentric low Earth orbit with e = 0.1, = h 600 km p and = ν t π ( ) /4 0 . Table 1 shows the characteristics of the considered propulsive layout.
On the other hand, the chaser inertia matrix is chosen to be similar to the Russian Progress cargo spacecraft, see Ref. = 20 N ⋅ m, respectively. At the beginning, the angular momentum of the system is considered to be null H tot = 0. The maneuver boundary conditions are given by Table 2 . The considered disturbance parameters for this simulation are δ ‾ = 0.0175, Σ δ ij , = 0.0175δ ij , δu ‾p = 0.02 and σ δup = 0.05.
Satellite with 2 thrusters
In this scenario, a lightweight satellite with only 2 available thrusters has to rendezvous with a target flying in an eccentric low Earth orbit with e = 0.5, h p = 400 km and = ν t π ( ) 0 . The thrusters are mounted in an orthogonal configuration as shown by Table 3 .
For this case, the chaser inertia matrix is chosen to be the one corresponding to the CNES small satellite MYRIADE, see Ref. [14] . Table 4 The considered disturbance parameters for this simulation are δ ‾ = 0, Σ δ ij , = 0.0175δ ij , δu ‾p = 0 and σ δup = 0.01.
Simulation results
For each scenario, 100 realizations for the chosen disturbance parameters are simulated. Then, the obtained results are shown and discussed.
Scenario with 10 thrusters
First, analyse the scenario with 10 thrusters. For all the realizations, the linear QP program is feasible and the chaser reaches the proximity of the target without trespassing the LOS region, see Fig. 4 . A typical 3D path of a random realization is shown in Fig. 3 while the attitude profile is shown in Fig. 5 . For the shown realization the desired orientation is met at the end while the angular velocity is driven to a quasi-null value due to the considered uncertainties. More details on the terminal accuracy for this scenario are given in Table 5 where δ measures the mismatch between the obtained and the desired terminal value. Regarding the planned impulses, for the plotted realization, see Fig. 6 , the thrusters {1,2,6,9} have relevant firings while thrusters {3,4,5,7,8,10} are not operated significantly along the maneuver. Regarding the cost, the NLP program reduces fuel consumption in a 21.054% compared to the converted solution from the LP problem, see Table 5 . Finally, in Fig. 7 it is shown that the reaction wheels have saturations (both on angular velocity and acceleration) at the initial and final instants of the maneuver, but then desaturate immediately and keep providing torque.
Scenario with 2 thrusters
Analysing the second scenario with 2 thrusters, similar conclusions with the first scenario still holds, see Fig. 8 . Note that the spacecraft in this case is underactuated in translational control. Moreover, the desired final orientation is not favourable at all to brake the spacecraft since the thruster 1 nozzle will end pointing to the +x axis and the thruster 2 nozzle to the -z axis, see Fig. 9 . The terminal accuracy is shown in Table 6 (it shows higher accuracy than the 10 thrusters scenario due to the lighter perturbations). For the plotted realization of Fig. 10 , it is shown that the final braking impulse has to be advanced one interval due to the non favourable last orientation. In this case, there is not an improvement in fuel consumption when compared to the obtained LP solution but the reaction wheels saturation peak has been lowered from 5.5608 N ⋅ m ⋅ s (LP solution converted to NLP solution) to 1 N ⋅ m ⋅ s, see Fig. 11 and Table 6 .
Concluding remarks
This paper has presented a predictive guidance and control algorithm for six-degrees of freedom spacecraft rendezvous based on the translational state transition matrix, the attitude flatness property, discretization and a MPC scheme based on linearization. One of the main contributions of the proposed algorithm is its ability to consider several chaser spacecraft configurations which not only reduces fuel consumption but also allows to consider propulsive and ACS constraints in an integrated framework.
The numerical experiments shown in Section 6 have validated the method for two different spacecraft configurations. Additionally, the simulations have demonstrated convergence of the proposed MPC to the desired final state even in the presence of disturbances. However, a formal proof of stability has not been addressed and is left as future work.
Possible future research lines include the following. First, it will be of great interest to consider on/off thrusters as it is done in Ref. [10] . This will cause continuous coupling between translational and rotational motion since the vehicle will be spinning when the thrusters are fired. Second, to improve the robustness of the underactuated case, robust MPC techniques in the spirit of [9] could be considered. Finally, another possible line is to consider more advanced techniques, that does not rely on discretization, to handle the time continuous constraints of the problem.
